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1. Introduction

The properties of topological strings have been studied over the years in much detail and

by now it is fairly clear that topological strings are much more than a toy model for

string theory (for a recent review see [1]). Indeed, many computations in topological string

theory have been shown to have a direct consequence for ten-dimensional superstrings. For

example, the N = 2 topological string has played a role in the computation of low-energy

superpotential terms in four-dimensional N = 1 supersymmetric gauge theories and has

led to an interesting connection between gauge theory effective superpotentials and zero-

dimensional bosonic matrix models [2, 3]. Another application involves type II superstring

theory compactified on a Calabi-Yau threefold. The four-dimensional low-energy effective

action includes higher-derivative F -type terms of the form

∫
d4xd4θ(WabW

ab)gFg(X
Λ) , (1.1)
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where Wab is the graviphoton superfield of the N = 2 supergravity theory and XΛ are

vector multiplets. The N = 2 topological string computes the functions Fg [4, 5]. In

recent developments, this fact has been used to formulate an intriguing relation between

the topological string partition function and the partition function of dyonic BPS black

holes in four-dimensional N = 2 supergravity [6].

In the past, much work has been done on the N = 2 topological string theory. In

this case a worldsheet theory with N = (2, 2) supersymmetry is topologically twisted

and the critical central charge is ĉ = c
3 = 3. There are, however, other interesting ex-

amples where the amount of worldsheet supersymmetry and central charge are different

and where a non-tirivial topological string theory can be defined. Most notably, world-

sheet theories with N = (4, 4) supersymmetry and ĉ = 2 can be twisted appropriately

to obtain the N = 4 topological string. This theory has been argued [7] to be equiv-

alent to the N = 2 string,1 which is obtained when the full N = 2 superconformal

group is gauged on the worldsheet [8 – 11]. In the same way that the N = 2 topologi-

cal string is relevant for type II string theory compactifications on Calabi-Yau threefolds,

the N = 4 topological string (or N = 2 string) is directly relevant for type II string

theory compactifications on K3 manifolds. The coefficient of certain terms of the form

R4F 4g−4 in the low-energy effective action of the latter compactifications can be computed

in the N = 4 topological string [7]. The coefficient of a term of the form F 4, where

F is an abelian gauge field in the low-energy theory, was the focus of the analysis of

[12].

It is known [13 – 15] that the dynamics of string theory near an ADE singularity of a

K3 compactification are captured by an asymptotically linear dilaton theory of the form

IR5,1 ×
(

SL(2)k
U(1)

× SU(2)k
U(1)

)
/ZZk (1.2)

and that this background defines holographically a Little String Theory (LST) (for a review

see [16, 17]). Via T-duality this background is also related to the near-horizon region of

k parallel NS5-branes symmetrically arranged on a transverse circle. We can study the

topological sector of these six-dimensional LST’s by analyzing the N = 4 topological string

on (SL(2)k

U(1) × SU(2)k

U(1) )/ZZk. For obvious reasons, we will call this theory the minimal N = 4

topological string. Earlier work on this theory appeared in [12, 18].

In this paper, we compute a large class of tree-level correlation functions in the above

theory. In contrast to the N = 4 topological string on IR4 (or IR2,2), which has vanishing

N -point functions for N ≥ 4 [9], we will see that the minimal N = 4 topological string has

non-vanishing amplitudes for any N . In fact, using recent results on tree-level correlation

functions in SL(2, IR) [19 – 22] we can recast in many cases the topological string N -point

function in terms of a corresponding N -point function in the (1, k) minimal bosonic string.

Among other things, this allows us to reformulate as a four-point function in the bosonic

string, a four-point function that appeared in [12] and gives the coefficient of an F 4 term

in the low-energy effective action of a K3 compactification near an ADE point of enhanced

1Not to be confused with the N = 2 topological string.
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symmetry. We expect this observation to be particularly useful in completing the non-

trivial check of heterotic-type II duality presented in [12] (related discussions on this F 4

term can be found in [23 – 25]).

The emergence of a bosonic string in the context of the minimal N = 4 topological

string reminds of the well-known equivalence between the N = 2 topological string on

SL(2)1/U(1) and the bosonic c = 1 string at self-dual radius [26 – 28].2 In this paper we find

evidence pointing towards a non-trivial relation between the minimal bosonic string and

the minimal N = 4 topological string.3 It is natural to ask whether this relation is a true

equivalence. This would have a non-trivial impact on the physics of six-dimensional LST’s.

For example, it would imply that the topological sector of these (yet quite mysterious)

theories is completely solved by the ADE matrix models of ref. [33]. Some comments on

this possible equivalence will be presented in the last section.

The organization of this paper is as follows. In section 2 we fix our notation and discuss

the spectrum of the minimal N = 4 topological string. In section 3 we compute a large class

of N -point functions in the topological string and recast them in terms of corresponding

amplitudes in the (1, k) minimal bosonic string with the use of the Stoyanovsky-Ribault-

Teschner (SRT) map. In section 4 we comment on the possibility of an equivalence between

the minimal N = 4 topological string and the (1, k) minimal bosonic string and point out

some implications. Four appendices contain useful facts and summarize our conventions.

Note added: while this paper was being prepared, we received the preprint [34], which

has considerable overlap with this work. Our analysis deals with the same amplitudes and

yields similar results, but is based on a slightly different treatment of the SL(2)
U(1) × SU(2)

U(1)

CFT.

2. Minimal N = 4 topological strings - the spectrum

2.1 Fixing the notation

The minimal N = 4 topological string is defined by twisting topologically (in a manner

that will be reviewed shortly) the N = 4 superconformal field theory [35]

(
SL(2)k
U(1)

× SU(2)k
U(1)

)
/ZZk . (2.1)

The total central charge of this theory is

ĉtot = 1 +
2

k
+ 1 − 2

k
= 2 . (2.2)

As required, this is the critical value for the N = 4 topological string. The ZZk orbifold in

(2.1) restricts the spectrum to the states with integral U(1)R charge as needed by modular

invariance. The conformal field theory (2.1) can be obtained from SL(2)k × SU(2)k with

2See also the recent discussions in [29 – 31].
3A relation between the (1, k) minimal bosonic string and the Ak minimal N = 4 topological string has

been proposed also by Leonardo Rastelli in [32] based on work in collaboration with Martijn Wijnholt.
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a suitable U(1) gauging. We summarize briefly a few of the relevant details to fix the

notation.

The N = 1 superconformal field theory on SU(2)k is given by the bosonic SU(2)k−2

WZW model with currents Ka, a = 1, 2, 3 and three free Majorana fermions χa. The

relevant OPE’s are

K3(z)K3(w) ∼ k − 2

2(z − w)2
, K+(z)K−(w) ∼ k − 2

(z − w)2
+

2K3(w)

z − w
, (2.3)

K3(z)K±(w) ∼ ±K±(w)

z − w
, (2.4)

χ+(z)χ−(w) ∼ 1

z − w
, χ3(z)χ3(w) ∼ 1

z − w
. (2.5)

In terms of these currents the N = 1 superconformal generator takes the form

G(su) = Q
( 1√

2
K+χ− +

1√
2
K−χ+ + K3χ3 + χ+χ−χ3

)
, (2.6)

where Q =
√

2
k
.

We will use a similar set of conventions for the supersymmetric SL(2)k WZW model.

This theory consists of the bosonic SL(2)k+2 WZW model with currents Ja (a = 1, 2, 3)

and three free fermions ψa, which satisfy the OPE algebra

J3(z)J3(w) ∼ − k + 2

2(z − w)2
, J+(z)J−(w) ∼ k + 2

(z − w)2
− 2J3(w)

z − w
, (2.7)

J3(z)J±(w) ∼ ±J±(w)

z − w
, (2.8)

ψ+(z)ψ−(w) ∼ 1

z − w
, ψ3(z)ψ3(w) ∼ − 1

z − w
. (2.9)

The SL(2) N = 1 supercurrent is

G(sl) = Q
( 1√

2
J+ψ− +

1√
2
J−ψ+ − J3ψ3 − ψ+ψ−ψ3

)
. (2.10)

The product CFT (2.1) can be obtained from the supersymmetric SL(2)k × SU(2)k
theory by gauging the null U(1) supercurrent (see [36, 37])

1√
2
(χ3 − ψ3) − θ

Q√
2
(J

(tot)
3 − K

(tot)
3 ) , (2.11)

where by definition

J
(tot)
3 = J3 + ψ+ψ− , K

(tot)
3 = K3 + χ+χ− . (2.12)

As usual, the gauging of the supercurrent (2.11) can be achieved by adding a bosonic

(β′, γ′) ghost system with spin 1
2 , which contributes to the total BRST charge a term of

the form

QBRST = ... +

∫
dz

2πi
γ′(z)

1√
2
(χ3 − ψ3) . (2.13)
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Then one can check up to BRST exact terms that the N = 1 supercurrent of the gauged

theory is

G = G(su) + G(sl) =
Q√
2
(J+ψ− + J−ψ+ + K+χ− + K−χ+) . (2.14)

It turns out that the gauged theory enjoys enhanced N = (4, 4) worldsheet supersym-

metry. The left-moving N = 2 superconformal generators take the form

G± =
Q√
2

(
e∓iH1J± + e∓iH2K±

)
,

J = −i∂H1 − i∂H2 , (2.15)

where H1 and H2 are two bosons that bosonize the free fermions ψ±, χ±, i.e.

ψ± = e±iH1 , χ± = e±iH2 . (2.16)

For the right-moving sector we use the convention

Ḡ± =
Q√
2

(
e±iH̄1 J̄∓ + e±iH̄2K̄∓

)
,

J̄ = i∂̄H1 + i∂̄H2 . (2.17)

The theory includes additional superconformal generators. They read

J±± = e±
R

J = e∓i(H1+H2) , J̄±± = e±
R

J̄ = e±i(H̄1+H̄2) , (2.18)

G̃± =
Q√
2
(e∓iH2J∓ + e∓iH1K∓) , ¯̃G

±
=

Q√
2
(e±iH̄2 J̄± + e±iH̄1K̄±) . (2.19)

One can check that the full set of currents T (z), J(z), J±±(z), G±(z), G̃±(z) satisfies the

N = 4 superconformal algebra (see appendix A for more details on this algebra). The

± superscripts in (2.18), (2.19) denote the U(1)R charge of the corresponding generators.

For example, the currents J±± have U(1)R charges ±2 respectively and G̃± have U(1)R
charges ±1.

2.2 Physical states in SL(2)/U(1) × SU(2)/U(1)

Physical states in SL(2)
U(1) × SU(2)

U(1) can be obtained by imposing the U(1) gauging condition

to a general vertex operator in SL(2) × SU(2). For example, consider the special set of

vertex operators

V = ei
P2

i=1(siHi+s̄iH̄i)Φ
(sl)
j1,m1,m̄1

Φ
(su)
j2,m2,m̄2

, (2.20)

where Φ
(sl)
j,m,m̄, Φ

(su)
j,m,m̄ are respectively primary vertex operators of the bosonic SL(2)k+2

and SU(2)k−2 WZW models. The relevant conventions are summarized in appendix B.

The null gauging condition K
(tot)
3 = J

(tot)
3 implies the constraints

m2 + s2 = m1 + s1 , m̄2 + s̄2 = m̄1 + s̄1 . (2.21)

For reference, we mention that the primary fields (2.20) have scaling dimension

∆ =
1

2
(s2

1 + s2
2) −

j1(j1 + 1)

k
+

j2(j2 + 1)

k
(2.22)
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and U(1)R charge

q = −s1 − s2 . (2.23)

In the context of the topological string a special role will be played by the NS sector

chiral primary states. In particular, these states have the property ∆ = q
2 [38]. For the

operators (2.20) this is the case when

1

2
(s2

1 + s2
2) −

j1(j1 + 1)

k
+

j2(j2 + 1)

k
= −1

2
(s1 + s2) . (2.24)

For general level k and quantum numbers j (2.24) is satisfied if j1 = j2 or −j1−1 = j2 and

s2
1 + s2

2 = −s1 − s2 . (2.25)

The last equation holds in the following four cases

(s1, s2) = {(0, 0), (0,−1), (−1, 0), (−1,−1)} . (2.26)

Analogous statements apply to the right-moving sector and with obvious modifications to

the anti-chiral states.

2.3 Physical states in the topological theory

A theory with N = 4 superconformal symmetry can be twisted topologically in the same

way as a theory with N = 2 superconformal symmetry. Once we choose a U(1) inside the

SU(2) R-symmetry group we can perform the familiar N = 2 topological twist

T → T +
1

2
∂J , T̄ → T̄ ± 1

2
∂̄J̄ . (2.27)

As in the N = 2 topological string, it is possible to make a choice of two inequivalent

topological twists: the A-type corresponds to the minus sign in (2.27) and the B-type to

the plus sign. Each of these choices is expected to be in one-to-one correspondence with an

α- or β-type N = 2 string [39]. For concreteness, in this paper we will consider the A-type

topological twist.

The next and more crucial step is to decide how to define the BRST cohomology of

the topologically twisted theory and how to couple the twisted theory to gravity. For the

N = 2 topological string it is enough to consider the cohomology of (c, c) or (c, a) fields

φi. For the N = 4 topological string the BRST cohomology is more constrained [7] and

can be obtained by further restricting the fields φi to have the properties4

G+φi = 0 , G̃+φi = 0 , Ḡ−φi = 0 , ¯̃G
−
φi = 0 (2.28)

and the equivalence relation

φi ∼ φi + G+G̃+Ḡ− ¯̃G
−
χ . (2.29)

4These relations define the appropriate BRST cohomology for the A-type topological twist. Similar

relations define the BRST cohomology of the B-type topological string.
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In addition, one has to impose the properties

J−−φi = M j̄
i φ†

j̄
, J++φi = 0 ,

J̄++φi = M̄ j̄
i φ̄†

j̄
, J̄−−φ̄i = 0 . (2.30)

The first and third equations in (2.30) impose the requirement that the fields J−−φi

(J̄++φi) can be expressed as a linear combination of antichiral (chiral) fields. M j̄
i and

M̄ j̃
i are the linear coefficients in this expansion.

For the vertex operators V in (2.20) the above requirements can be imposed in the

following way (here we discuss the left-movers, but analogous statements apply also to the

right-movers). The first condition in (2.28) is automatic for the chiral primary states. The

second condition gives
∫

dz G̃+(z) · V(0) = 0 ⇔
∫

dz (e−iH2J− + e−iH1K−)(z) · V(0) = 0 ⇔
∫

dz
(
z−s2−1(−j1 − 1 + m1)e

−iH2(z)+is2H2(0)Φ
(sl)
j1,m1−1,m̄1

(0) · · ·
)

+
∫

dz
(
z−s1−1(j2 + m2)e

−iH1(z)+is1H1(0)Φ
(su)
j2,m2−1,m̄2

(0) · · ·
)

= 0 . (2.31)

In this expression, the dots refer to the parts of the vertex operator V, which are unaffected

by the action of G̃+. To derive (2.31) we made use of the OPE’s

J−(z) Φ
(sl)
j,m(w) ∼ −j − 1 + m

z − w
Φ

(sl)
j,m−1(w) , (2.32)

K−(z) Φ
(su)
j,m (w) ∼ j + m

z − w
Φ

(su)
j,m−1(w) . (2.33)

The perhaps unorthodox factor −j − 1 + m (instead of j + m) in (2.32) has its origin in

our SL(2) conventions, which are reviewed in appendix B. In a similar fashion, in order to

check the first condition in (2.30) we need to compute
∫

dz J−−(z) · V(0) =

∫
dz zs1+s2ei(H1+H2)(z)+i(s1H1+is2H2)(0) · · · , (2.34)

which should be expressible as a sum of antichiral primary fields. For the second condition

in (2.30) we get
∫

dz J++(z) · V(0) =

∫
dz z−s1−s2e−i(H1+H2)(z)+i(s1H1+s2H2)(0) · · · = 0 . (2.35)

Out of the four different cases in (2.26) the (s1, s2) = (−1,−1) case fails to satisfy the

condition J−− · Vi = M j̄
i V

†
j . Indeed, (2.34) gives

J−− · e−H1−H2Φ
(sl)
j,mΦ

(su)
j,m = i(∂H1 + i∂H2)Φ

(sl)
j,mΦ

(su)
j,m , (2.36)

which is not an antichiral field. The remaining three cases (s1, s2) = {(0, 0), (−1, 0), (0,−1)}
satisfy the full set of conditions provided that we tune the quantum numbers ji,mi appro-

priately. We conclude that the BRST cohomology of the minimal N = 4 topological string

– 7 –
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contains (at least) the following states

O2j+1 = Φ
(sl)
−j−1,−j,−jΦ

(su)
j,−j,−j ,

O+
2j+1 = e−iH1−iH̄1Φ

(sl)
j,j+1,j+1Φ

(su)
j,j,j , O−

2j+1 = e−iH2−iH̄2Φ
(sl)
j,−j−1,−j−1Φ

(su)
j,−j,−j . (2.37)

j is a half-integer with the property 0 ≤ j ≤ k−2
2 .

The vertex operators O±
2j+1 are normalizable in SL(2)

U(1) × SU(2)
U(1) (see appendix B for more

details) and according to the general discussion in [12] their correlation functions compute

amputated amplitudes in the holographic non-gravitational dual (see also [40]). These

correlation functions will be computed in the next section. In addition, it will be useful to

note that the vertex operators O+
2j+1 and O−

2j+1 are related via the reflection relation

O+
2j+1 = O−

k−2j−1 . (2.38)

This is shown explicitly in appendix B.

In contrast, the zero R-charge vertex operators O2j+1 are non-normalizable. It is worth

pointing out, however, that the normalizable version of O2j+1 is related to the O−
2j+1 state

via the relation

O−
2j+1 =

k

(2j + 1)2
G̃+ ¯̃G

− ·
(
Φ

(sl)
j,−j,−jΦ

(su)
j,−j,−j

)
. (2.39)

2.4 Vertex operators in the N = 2 string

Here we make a short parenthesis to discuss the corresponding vertex operators in the

minimal N = 2 string and to make contact with the analysis of [12]. Concentrating only

on the left-moving sector, the physical N = 2 string states Ô±
2j+1 that appear in [12] take

in our notation the following form5

Ô+
2j+1 = e−

1
2
(ϕ1+ϕ2)+ i

2
(−H1+H2)Φ

(sl)
j,j+1Φ

(su)
j,j ,

Ô−
2j+1 = e−

1
2
(ϕ1+ϕ2)+ i

2
(H1−H2)Φ

(sl)
j,−j−1Φ

(su)
j,−j . (2.40)

ϕ1 and ϕ2 are the two superconformal ghosts of the N = 2 string associated with the

generators G− and G+ respectively. The operators appearing in (2.40) are in the R sector.

They can be converted to NS sector operators by using the spectral flow operation, a

transformation that is gauged in the N = 2 string. The operators that implement the

spectral flow can be written as6

S± = e±
1
2
(ϕ2−ϕ1)∓ i

2
(H1+H2) . (2.41)

The basic properties of these operators are summarized in [12] (see pg. 44). Acting with

them on the vertex operators Ô+
2j+1 we find

S−Ô+
2j+1 = e−ϕ2+iH2Φ

(sl)
j,j+1Φ

(su)
j,j , S+Ô+

2j+1 = e−ϕ1−iH1Φ
(sl)
j,j+1Φ

(su)
j,j ,

S−Ô−
2j+1 = e−ϕ2+iH1Φ

(sl)
j,−j−1Φ

(su)
j,−j , S+Ô−

2j+1 = e−ϕ1−iH2Φ
(sl)
j,−j−1Φ

(su)
j,−j . (2.42)

5We drop an appropriate normalization factor. Also H , H ′ in [12] correspond to −H1, −H2 in our

notation and jthere = −jhere − 1.
6As in [12] we omit a factor e±

1

2
cb̃.
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In the N = 2 string there are two picture changing operators7

Z− = eϕ1 [G− + ...] , Z+ = eϕ2 [G+ + ...] (2.43)

and we can use them to change the picture of the vertex operators (2.42) as follows

S+Ô+
2j+1 ∼ −

√
2

Q(2j + 1)
e−ϕ1−ϕ2Φ

(sl)
j,j Φ

(su)
j,j ,

S−Ô−
2j+1 ∼ −

√
2

Q(2j + 1)
e−ϕ1−ϕ2Φ

(sl)
j,−jΦ

(su)
j,−j . (2.44)

We made use of the identities

G+ ·
(
Φ

(sl)
j,j Φ

(su)
j,j

)
= − Q√

2
(2j + 1)e−iH1Φ

(sl)
j,j+1Φ

(su)
j,j ,

G− ·
(
Φ

(sl)
j,−jΦ

(su)
j,−j

)
= − Q√

2
(2j + 1)eiH1Φ

(sl)
j,−j−1Φ

(su)
j,−j . (2.45)

As explained in [7], vertex operators in the N = 2 string of the form

Ô = c e−ϕ1−ϕ2 V (2.46)

correspond in the N = 4 topological string to the G̃+-exact vertex operators

O = G̃+V . (2.47)

Combining eqs. (2.37), (2.39) and (2.44) we deduce the correspondence

Ô−
2j+1 ↔ O−

2j+1 . (2.48)

The additional correspondence

Ô+
2j+1 ↔ O+

2j+1 (2.49)

follows from the N = 4 topological string reflection relation (2.38) and the analogous

relation in the N = 2 string Ô+
2j+1 = Ô−

k−2j−1 (see [12, eq. (5.34)]).

3. Minimal N = 4 topological strings - N-point functions

In this section we compute the tree-level correlation functions of the vertex operators O±
2j+1.

First, we consider the three- and four-point functions and then proceed with a general

computation of N -point functions for an arbitrary number of insertions N ≥ 5. Using the

Stoyanovsky-Ribault-Teschner map we show how to recast these correlation functions in

terms of corresponding amplitudes in the minimal bosonic string.

7The ellipses denote a set of terms that depend only on ghosts.
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3.1 3-point functions

In the N = 4 topological string the three-point functions of G̃+ ¯̃G−-exact operators φi =

G̃+ ¯̃G−Vi take the form [7]

cijk = 〈φiφjVk〉 . (3.1)

With this definition the three-point function is symmetric in the labels (i, j, k) and respects

all the invariances of the N = 4 topological string. In this section, we will focus on

correlation functions of the vertex operators O−
2j+1. A general amplitude with both O+

2j+1

and O−
2j+1 insertions follows trivially by using the reflection relation (2.38).

For reasons that will become more apparent in the following, a vertex operator O−
2j+1

will be inserted in the amplitude in the U(1) gauge equivalent form8

O−
2j+1 ∼ e

R

(Jg+J̄g)O−
2j+1 = e−iH1−iH̄1Φ

(sl),w=1
j,−j−1,−j−1Φ

(su),w=1
j,−j,−j . (3.2)

Recall that we gauge the null U(1) current

Jg = i∂H2 − i∂H1 + K3 − J3 . (3.3)

This current commutes with all the generators of the N = 4 superconformal algebra.

When it acts on O−
2j+1 as in (3.2), part of the effect is to spectral flow the SL(2) and

SU(2) components of the vertex operator. More details on our spectral flow conventions

can be found in appendix B. Moreover, the uncharged vertex operator V2j+1 takes for O−
2j+1

the form (see eq. (2.39))

V2j+1 =
k

(2j + 1)2
Φ

(sl)
j,−j,−jΦ

(su)
j,−j,−j . (3.4)

As in the N = 2 topological string theory [41, 42], a correlation function in the N = 4

topological string can be computed in the NS sector of the untwisted theory by inserting

an extra spectral flow operator with θ = 1 to saturate the background charge −ĉ = −2

induced by the topological twist. In our case, the appropriate insertion is the N = 4

current J−−. For instance, the 3-point function (3.1) can be computed in the untwisted

theory as

cj1j2j3 =
〈(

J ′−−
J̄ ′−−O−

2j1+1

)
O−

2j2+1V2j3+1

〉
, (3.5)

where we have defined the U(1) gauge equivalent current J ′−− as

J ′−−
= e−

R

(J+Jg) = J−−e−
R

Jg . (3.6)

As a result,

J ′−−
J̄ ′−−O−

2j1+1 = eiH1+iH̄1Φ
(sl)
j,−j−1,−j−1Φ

(su)
j,−j,−j (3.7)

8A similar trick was also used in the N = 2 topological string [29, 30].
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and we see that the H1, H̄1 momentum in (3.5) is automatically conserved. Thus, (3.5)

reduces to9

cj1j2j3 =
k

(2j3 + 1)2

〈
Φ

(sl)
j1,−j1−1,−j1−1Φ

(sl),w=1
j2,−j2−1,−j2−1Φ

(sl)
j3,−j3,−j3

〉
×

〈
Φ

(su)
j1,−j1,−j1

Φ
(su),w=1
j2,−j2,−j2

Φ
(su)
j3,−j3,−j3

〉
. (3.8)

This amplitude can be computed explicitly using known results for the three-point

functions in the SL(2) and SU(2) WZW models [43 – 45]. Since this is essentially the

computation performed in [12] we will not repeat it here. Instead, we proceed to calculate

(3.8) with the use of the SRT map [20, 22], which is summarized in appendix C. The fact

that the SRT map can be very useful in the context of the topological strings was pointed

out for the first time in [30]. For the SL(2) part in (3.8) we get a maximally winding

number violating amplitude, which can be recast into the form

〈
Φ

(sl)
j1,−j1−1,−j1−1Φ

(sl),w=1
j2,−j2−1,−j2−1Φ

(sl)
j3,−j3,−j3

〉
= −δ

(
j1 + j2 + j3 −

k − 2

2

)

2π−3

√
k

ck+2(2j3 + 1)2
3∏

i=1

γ(−1 − 2ji)
〈
V j1+1√

k
+

√
k

2

V j2+1√
k

+
√

k
2

V j3+1√
k

+
√

k
2

〉
Liouville

. (3.9)

We are using the standard γ-function notation

γ(x) =
Γ(x)

Γ(1 − x)
. (3.10)

The three-point function on the r.h.s. is a three-point function in Liouville theory with

linear dilaton slope Q = 1√
k

+
√

k. The vertex operators Va are primary fields of this

theory with asymptotic (weak-coupling) form

Va = e
√

2aφ (3.11)

and scaling dimension ∆(Va) = a(Q−a). φ is the Liouville field. In (3.9) ck+2 is a (possibly

diverging) k-dependent constant, which is part of the SRT map [22].

With analytic continuation in k (i.e. k → −k) we obtain similar expressions for the

SU(2) part

〈
Φ

(su)
j1,−j1,−j1

Φ
(su),w=1
j2,−j2,−j2

Φ
(su)
j3,−j3,−j3

〉
= −δ

(
j1 + j2 + j3 −

k − 2

2

)

i
2π−3

√
k

c̃k−2

3∏

i=1

γ(1 + 2ji)
〈
Ṽ j1√

k
+

√
k

2

Ṽ j2√
k
+

√
k

2

Ṽ j3√
k
+

√
k

2

〉
Coulomb−Gas

. (3.12)

The three-point function on the r.h.s. of this equation is a three-point function in the

Coulomb-Gas representation of the (1, k) minimal model. In this representation the vertex

operators Ṽa are

Ṽa = ei
√

2aφ̃ , (3.13)

9In this paper we omit certain extra factors that depend explicitly on the worldsheet variables. When

taken into account properly they cancel out at the end of the computation and isolate the dimensionless

part of the untwisted N-point functions. See [30] for a careful treatment of a similar calculation in the

N = 2 topological string.

– 11 –



J
H
E
P
0
3
(
2
0
0
6
)
0
4
5

where φ̃ is the boson of the Coulomb-Gas representation. The scaling dimension of Ṽa is

∆(Ṽa) = a(Q̃ + a), where Q̃ = 1√
k
−

√
k.

Combining the above expressions with the fact that10

T2j+1 = cc̄ V j+1√
k

+
√

k
2

Ṽ j√
k
+

√
k

2

(3.14)

is a physical tachyon vertex operator in the (1, k) minimal bosonic string we obtain

cj1j2j3 = −iδ

(
j1 + j2 + j3 −

k − 2

2

)
4π−6ck+2c̃k−2

3∏

i=1

1

(1 + 2ji)2

〈
T2j1+1T2j2+1T2j3+1

〉
(1,k)

.

(3.15)

We see that, up to a normalization factor, the N = 4 topological string three-point function

cj1j2j3 is the same as a corresponding three-point function in the (1, k) minimal bosonic

string. In addition, (3.15) suggests a correspondence between the N = 4 topological string

vertex operator O−
2j+1 and the (1, k) minimal bosonic string tachyon T2j+1. Later in this

section, we will test this identification by computing higher N -point functions.

3.2 4-point functions

It is known [7] that the general four-point function in the N = 4 topological string takes

the form

cj1j2j3j4 =

〈
φj1φj2

(
J−−J̄−−φj3

)∫
d2z4φj4

〉
. (3.16)

As in the previous subsection, here also we will focus on the correlation functions of the

vertex operators O−
2j+1. Again, we can compute this amplitude in the untwisted theory by

inserting an extra J−− current to saturate the background charge induced by the topolog-

ical twist. The untwisted theory amplitude reads

cj1j2j3j4 =

〈(
J ′−−

J̄ ′−−O−
2j1+1

)
O−

2j2+1

(
J ′−−

J̄ ′−−O−
2j3+1

)∫
d2z4 O−

2j4+1

〉
. (3.17)

Using the expressions (3.2) and (3.7) we see immediately that the H1, H̄1 momentum

in (3.17) is automatically conserved and that the amplitude reduces to a product of SL(2)

and SU(2) parts

cj1j2j3j4 =

∫
d2z4

〈
Φ

(sl)
j1,−j1−1,−j1−1Φ

(sl),w=1
j2,−j2−1,−j2−1Φ

(sl)
j3,−j3−1,−j3−1Φ

(sl),w=1
j4,−j4−1,−j4−1

〉
×

〈
Φ

(su)
j1,−j1,−j1

Φ
(su),w=1
j2,−j2,−j2

Φ
(su)
j3,−j3,−j3

Φ
(su),w=1
j4,−j4,−j4

〉
. (3.18)

With the use of the SRT map we obtain the following results. For the SL(2) and SU(2)

parts respectively we find

〈
Φ

(sl)
j1,−j1−1,−j1−1Φ

(sl),w=1
j2,−j2−1,−j2−1Φ

(sl)
j3,−j3−1,−j3−1Φ

(sl),w=1
j4,−j4−1,−j4−1

〉
=

2c2
k+2

π5
√

k
× (3.19)

10For a summary of the basic properties of the (1, k) minimal bosonic string see appendix D.
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δ

( 4∑

i=1

ji − (k − 2)

) 4∏

i=1

γ(−1 − 2ji)

〈
V j1+1√

k
+

√
k

2

V j2+1√
k

+
√

k
2

V j3+1√
k

+
√

k
2

V j4+1√
k

+
√

k
2

〉

Liouville

,

〈
Φ

(su)
j1,−j1,−j1

Φ
(su),w=1
j2,−j2,−j2

Φ
(su)
j3,−j3,−j3

Φ
(su),w=1
j4,−j4,−j4

〉
= −2i c̃2

k−2

π5
√

k

4∏

i=1

γ(1 + 2ji) ×

δ

( 4∑

i=1

ji − (k − 2)

)〈
Ṽ j1√

k
+

√
k

2

Ṽ j2√
k
+

√
k

2

Ṽ j3√
k
+

√
k

2

Ṽ j4√
k
+

√
k

2

〉

Coulomb−Gas

. (3.20)

From (3.18), (3.19) and (3.20) we deduce that the topological string four-point function

cj1j2j3j4 can be written as

cj1j2j3j4 = −4i c2
k+2c̃

2
k−2

π10k
δ

( 4∑

i=1

ji − (k − 2)

) 4∏

i=1

1

(1 + 2ji)2
×

〈
T2j1+1T2j2+1T2j3+1

∫
d2z4 T2j4+1

〉

(1,k)

. (3.21)

This is the four-point function generalization of eq. (3.15) above. As before, we find that, up

to a normalization factor that can be absorbed into the definition of the N = 4 topological

string vertex operators, the four-point functions cj1j2j3j4 are captured by corresponding

four-point functions in the (1, k) minimal bosonic string.

In the minimal bosonic string it is known independently [46] (see also [47]) that

δ

( 4∑

i=1

ji − (k − 1)

)〈
T2j1+1T2j2+1T2j3+1

∫
d2z4 T2j4+1

〉

(1,k)

=

δ

( 4∑

i=1

ji − (k − 1)

)
min(2ji, k − 2ji − 1) . (3.22)

Unfortunately, we cannot make use of this result to determine the amplitude appearing in

the r.h.s. of (3.21), because the selection rule is different. On the other hand, from [12,

eq. (6.8)] we expect the N = 4 topological string amplitude

cj1j2j3j4 = δ

( 4∑

i=1

ji − (k − 2)

)
min(2ji + 1, k − 2ji − 1) , (3.23)

where an unimportant normalization factor has been dropped. This result was anticipated

in [12] as a non-trivial consistency requirement for heterotic-type II string duality. Here

we find it to be equivalent (up to a normalization factor) to the following statement in the

minimal bosonic string

δ

( 4∑

i=1

ji − (k − 2)

)〈
T2j1+1T2j2+1T2j3+1

∫
d2z4 T2j4+1

〉

(1,k)

=

δ

( 4∑

i=1

ji − (k − 2)

)
min(2ji + 1, k − 2ji − 1) . (3.24)

– 13 –



J
H
E
P
0
3
(
2
0
0
6
)
0
4
5

We leave an explicit derivation of this result to a future publication. Moreover, it would be

interesting to obtain a better understanding of the rôle of the above selection rules in the

emerging relation between the minimal bosonic string and the minimal N = 4 topological

string.

3.3 N-point functions

For N ≥ 5 the N -point amplitudes of the N = 4 topological string take the form (c.f. [7])

cj1j2...jN
=

〈(
J ′−−

J̄ ′−−O−
2j1+1

)
O−

2j2+1

(
J ′−−

J̄ ′−−O−
2j3+1

)
×

∫
d2z4 O−

2j4+1

N∏

`=5

∫
d2z` Ĝ− ̂̄G

+
· O−

2j`+1

〉
. (3.25)

The generators Ĝ−, ̂̄G
+

are defined as

Ĝ− = u1G
− + u2G̃

− , ̂̄G
+

= ū1Ḡ
+ + ū2

¯̃G
+

, (3.26)

where u1, u2 and ū1, ū2 are two independent sets of complex numbers with the property

|u1|2 + |u2|2 = 1 , |ū1|2 + |ū2|2 = 1 . (3.27)

As a result, the amplitude (3.25) is a homogeneous polynomial of the parameters u1, u2, ū1,

ū2 of degree 2(N − 4) . The polynomial expansion can be written as

cj1j2...jN
(u1, u2; ū1, ū2) =

N−4∑

n=0

Cn
j1j2...jN

(u1ū1)
n(u2ū2)

N−4−n , (3.28)

where Cn
j1j2...jN

are non-trivial data of the N = 4 topological string that can be computed

by calculating (3.25).

This can be achieved by applying the SRT map as before. First we need to determine

the explicit form of Ĝ− ̂̄G
+
· O−

2j+1. By straightforward algebra and the use of the identity

Φ
(su),w=1
j,−j = Φ

(su)
k−2
2

−j, k−2
2

−j
we find

G− ·O−
2j+1 =

1√
k

[
(−2j−2)Φ

(sl),w=1
j,−j−2 Φ

(su),w=1
j,−j +(k−2−2j)e−iH1+iH2Φ

(sl),w=1
j,−j−1 Φ

(su)
k−2
2

−j, k−2
2

−j−1

]
.

(3.29)

In the BRST cohomology of the coset, this is equivalent to

G− ·O−
2j+1 =

1√
k

[
(−2j−2)Φ

(sl),w=1
j,−j−2 Φ

(su),w=1
j,−j +(k−2−2j)Φ

(sl)
j,−j−1Φ

(su),w=−1
k−2
2

−j, k−2
2

−j−1

]
. (3.30)

In a similar fashion,

G̃− · O−
2j+1 =

1√
k

[
(k − 2j) Φ

(sl),w=−1

−j+ k−2
2

,−j+ k
2
+1

Φ
(su)
j,−j + 2j Φ

(sl),w=1
j,−j−1 Φ

(su),w=1
j,−j+1

]
. (3.31)

The action of ̂̄G
+

on the right-movers is identical.
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It is clear from the above expressions that the general coefficient Cn
j1j2...jN

will not

reduce to a product of SL(2) and SU(2) amplitudes with maximal winding number viola-

tion. In fact, the winding number violation and the associated selection rules will depend

crucially on how many times we insert the second term of (3.30) or the first term of (3.31)

into the amplitude (3.25).11 In order to illustrate the computation of the general coefficient

Cn
j1j2...jN

let us consider in detail a few representative cases.

Consider, for example, the case of the amplitude CN−4
j1j2...jN

. It takes the form

CN−4
j1j2...jN

=

〈(
J ′−−

J̄ ′−−O−
2j1+1

)
O−

2j2+1

(
J ′−−

J̄ ′−−O−
2j3+1

)
×

∫
d2z4 O−

2j4+1

N∏

`=5

∫
d2z` G−Ḡ+ · O−

2j`+1

〉
. (3.32)

We can choose the selection rule appropriately, so that (3.32) does not receive any con-

tributions from insertions of G(su)− (see the second term in (3.30)). In that case, (3.32)

reduces to the following product of maximally winding number violating SL(2) and SU(2)

amplitudes

CN−4
j1j2...jN

=
1

kN−4

∫
d2z4

N∏

`=4

∫
d2z` (2j` + 2)2

〈
Φ

(sl)
j1,−j1−1,−j1−1Φ

(sl),w=1
j2,−j2−1,−j2−1Φ

(sl)
j3,−j3−1,−j3−1Φ

(sl),w=1
j4,−j4−1,−j4−1Φ

(sl),w=1
j`,−j`−2,−j`−2

〉
×

〈
Φ

(su)
j1,−j1,−j1

Φ
(su),w=1
j2,−j2,−j2

Φ
(su)
j3,−j3,−j3

Φ
(su),w=1
j4,−j4,−j4

Φ
(su),w=1
j`,−j`,−j`

〉
. (3.33)

The H1 and H̄1 momenta are automatically conserved as always. Then by direct application

of the SRT map we find again that we can recast the N = 4 topological string amplitude

CN−4
j1j2...jN

in terms of an amplitude in the (1, k) minimal bosonic string

CN−4
j1j2...jN

=
−4iπ6−4N

kN−3
(ck+2c̃k−2)

N−2
N∏

i=1

1

(1 + 2ji)2
δ

( N∑

i=1

ji −
k − 2

2
(N − 2)

)
×

〈
T2j1+1T2j2+1T2j3+1

N∏

`=4

∫
d2z` T2j`+1

〉

(1,k)

. (3.34)

This computation generalizes to all the coefficients Cn
j1j2...jN

(for n = 0, ..., N − 4)

without any eiH2K− or eiH2J+ insertions. In that case, the general result is

Cn
j1j2...jN

=
−4iπ6−4N

kN−3
(ck+2c̃k−2)

N−2
N∏

i=1

1

(1 + 2ji)2
δ

( N∑

i=1

ji −
k − 2

2
(N − 2) − n

)
×

〈
T2j1+1T2j2+1T2j3+1

N∏

`=4

∫
d2z` T2j`+1

〉

(1,k)

. (3.35)

11I would like to thank D. Sahakyan and T. Takayanagi for a useful discussion on this point.
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There are, however, many other cases, with a non-zero number of eiH2K− or eiH2J+

insertions that have different selection rules and do not reduce to maximally winding num-

ber violating amplitudes. Consider, for example, the amplitude (3.32) with selection rules∑N
i=1 ji = k−2

2 (N − 2 − `) − ` for ` = 1, 2, ..., N − 4. In this case, (3.32) will receive

contributions from those terms that have N − 4 − ` G(sl)− = eiH1J− insertions and `

G(su)− = eiH2K− insertions. Since they do not exhibit maximal winding number violation

these correlation functions do not appear to have a clear interpretation in the minimal

bosonic string. After the application of the SRT map the amplitudes will involve extra

integrated insertions of degenerate vertex operators. In particular, this makes the identi-

fication of vertex operators O−
2j+1 ↔ T2j+1 less straightforward. Similar statements apply

to Cn
j1j2...jN

for any n = 0, 1, ..., N − 4. It is important to understand this point further.

4. A web of equivalences

In this paper we identified a certain class of physical states in the minimal N = 4 topological

string and proceeded to analyze their N -point functions for arbitrary N . With the use of

the SRT map, we found that we can recast a subset of these correlation functions in terms of

corresponding amplitudes in the (1, k) minimal bosonic string. The results presented in this

paper have immediate consequences for the topological sector of little string theory. With

the use of the minimal bosonic string we can, in principle, deduce in little string theory

the precise value of a large number of correlation functions of off-shell observables. For

example, we can recast a result anticipated in [12] as a non-trivial requirement of heterotic-

type II string duality (see eq. (3.23)) as a statement in the minimal bosonic string, which

we expect can be verified explicitly. It would be interesting to explore this point further

with an explicit computation of the minimal bosonic string amplitudes and see how much

information we can obtain about the structure of little string theory from the correlation

functions presented in this paper. We hope to return to this issue in a future publication.

More generally, the above results suggest an interesting relation between the N = 4

topological string and the (1, k) minimal bosonic string.12 It is natural to ask whether this

relation is a full-fledged equivalence like the equivalence between the N = 2 topological

string on SL(2)1/U(1) and the c = 1 non-critical bosonic string at self-dual radius [26].

For this it is crucial to obtain a better understanding of the amplitudes (3.25) with general

selection rules and to examine whether a similar relation persists for amplitudes that involve

generic states in the cohomology of the minimal N = 4 topological string. The latter

requires a full classification of the observables of the minimal N = 4 topological string,

which is beyond the immediate scope of this note.

Clearly, a full equivalence would be a powerful statement with many interesting im-

plications. For instance, when combined with other known facts, it would imply that the

(1, k) minimal bosonic string is equivalent to the following seemingly unrelated theories:

(1) The minimal N = 4 topological string, which is also related via T-duality to the topo-

logical string on K3 near an ADE singularity and via holography to the topological

12Earlier indications of such a relation can be found in [18], [48] (see also [32]).
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sector of little string theory [13 – 15].

(2) The double-scaled ADE matrix models of [33].

(3) The generalized Kontsevich matrix models [49, 50].

(4) The N = 2 topologically twisted coset SU(2)k/U(1) coupled to topological gravity

[51, 52, 47, 53, 46, 54].

(5) The B-model N = 2 topological string on a hypersurface of the form [50]

zk
1 + z2 + z2

3 + z2
4 = 0 . (4.1)

(6) The B-model N = 2 topological string on H+
3 × S3 [55].

A better understanding of the structure of the minimal N = 4 topological string both in

the closed string and open string sector would determine whether (1) is a bona fide member

of this set of theories.
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A. The N = 4 superconformal algebra

The (small) N = 4 supeconformal algebra (SCA) comprises of the N = 2 superconformal

algebra generators (T,G±, J) plus two additional currents of charge ±2, which will be

denoted as J++ and J−−.13 The three currents (J, J++, J−−) form an SU(2) algebra,

under which the G± currents can be used to generate two more fermionic generators G̃±.

Altogether these four fermionic generators form the SU(2) doublets

(G+, G̃−) , (G̃+, G−) . (A.1)

In unitary theories the adjoint is defined by

G+† = G− , G̃+† = G̃− , J++† = J−− . (A.2)

The N = 4 SCA OPE’s are

J−−(z)J++(0) ∼ ĉ

2z2
− J(0)

z
, (A.3)

J−−(z)G+(0) ∼ G̃−(0)

z
, J++(z)G̃−(0) ∼ −G+(0)

z
, (A.4)

J++(z)G−(0) ∼ G̃+(0)

z
, J−−(z)G̃+(0) ∼ −G−(0)

z
, (A.5)

13We are following the notation of [7].
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J(z)G±(0) ∼ ±G±(0)

z
, J(z)G̃±(0) ∼ ±G̃±(0)

z
, (A.6)

J−− · G− ∼ J++ · G+ ∼ J++ · G̃+ ∼ J−− · G̃− ∼ 0 , (A.7)

G± · G± ∼ G̃± · G̃± ∼ G+ · G̃− ∼ G− · G̃+ ∼ 0 , (A.8)

G+(z)G−(0) ∼ ĉ

z3
+

J(0)

z2
+

2T (0) + ∂J(0)

z
, (A.9)

G̃+(z)G̃−(0) ∼ ĉ

z3
+

J(0)

z2
+

2T (0) + ∂J(0)

z
, (A.10)

G+(z)G̃+(0) ∼ J++(0)

z2
+

∂J++(0)

2z
, (A.11)

G−(z)G̃−(0) ∼ J−−(0)

z2
+

∂J−−(0)

2z
. (A.12)

Any theory with ĉ = 2, N = 2 superconformal symmetry and integral U(1) charges auto-

matically has N = 4 superconformal symmetry with the extra generators provided by the

spectral flow operators J±± = e±
R

J .

B. SL(2, IR) and SU(2) conventions

In this appendix, we summarize our conventions for the SL(2) and SU(2) WZW models.

For SL(2) we follow the conventions of [20], where

Φ
(sl)
j,m,m̄ =

∫
d2x x−j−1+mx̄−j−1+m̄Φ

(sl)
j (x, x̄) (B.1)

and

J3(z)Φ
(sl)
j,m(0) ∼ m

z
Φ

(sl)
j,m(0) , J±(z)Φ

(sl)
j,m(0) ∼ m ± (j + 1)

z
Φ

(sl)
j,m±1(0) . (B.2)

The semiclassical behavior of Φ(sl)(x) in the (γ, γ̄, φ) coordinate system is [20]

Φ
(sl)
j,cl (x) =

2j + 1

π

(
|γ − x|2eφ + e−φ

)2j

. (B.3)

At the conformal boundary of SL(2) φ → ∞ and Φ
(sl)
j,cl can be expanded as (see e.g. eq.

(2.8) in [56])

Φ
(sl)
j,cl ' −e−2(j+1)φδ(2)(γ −x)+O(e−2(j+2)φ)− (2j + 1)|γ − x|4j

π
e2jφ +O(e2(j−1)φ) . (B.4)

As a result, for j > 0, Φ
(sl)
j,m,m̄ will give rise to a normalizable vertex operator in (2.1) and

Φ
(sl)
−j−1,m,m̄ will give rise to non-normalizable one. The two vertex operators are related by

the reflection relation

Φ
(sl)
j,m,m̄ = R(j,m, m̄)Φ

(sl)
−j−1,m,m̄ , (B.5)

where

R(j,m, m̄) = k

[
1

kπ
γ

(
1

k

)]−2j−1

γ

(
1 +

2j + 1

k

)
Γ(2j + 1)Γ(−j − m)Γ(−j + m̄)

Γ(−2j)Γ(1 + j − m)Γ(1 + j + m̄)
(B.6)
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denotes the SL(2, IR) reflection coefficient.

In SU(2) the OPE’s of the currents with the primary fields Φ
(su)
j,m are

K3(z)Φ
(su)
j,m (0) ∼ m

z
Φ

(su)
j,m (0) , K±(z)Φ

(su)
j,m (0) ∼ j ∓ m

z
Φ

(su)
j,m±1(0) . (B.7)

For quick reference, we also summarize in this appendix our conventions for the spectral

flow operation in the N = 2 superconformal algebra, the bosonic SL(2)k+2 WZW model

and the bosonic SU(2)k−2 WZW model.

For the N = 2 superconformal algebra with central charge c the spectral flow trans-

formation by an amount θ is an automorphism of the form

L̃n = Ln + θJn + θ2 c

6
δn,0 , G̃±

n = G±
n±θ , J̃n = Jn +

c

3
θ . (B.8)

On the level of primary fields this transformation can be achieved by multiplying with

the vertex operator e−iθ
√

c
3
XR , where XR is a canonically normalized boson that bosonizes

the U(1)R current.

For the SL(2)k+2 WZW model the spectral flow operation with winding number w ∈ ZZ

is defined by the current automorphism

L̃n = Ln − wJ3
n − k + 2

4
w2δn,0 , J̃3

n = J3
n − k + 2

2
wδn,0 , J̃±

n = J±
n∓w . (B.9)

On vertex operators it corresponds to multiplication with the operator e
w

q

k+2
2

X(sl)

. X(sl)

is the canonically normalized boson that bosonizes the current J3, i.e.

J3 = −
√

k + 2

2
∂X(sl) . (B.10)

In a similar fashion, for the SU(2)k−2 WZW model the spectral flow operation with winding

number w ∈ ZZ is defined by the current automorphism

L̃n = Ln + wK3
n +

k − 2

4
w2δn,0 , K̃3

n = K3
n − k − 2

2
wδn,0 , K̃±

n = K±
n±w . (B.11)

On vertex operators it corresponds to multiplication with the operator e
iw

q

k−2
2

X(su)

. X(su)

is the canonically normalized boson that bosonizes the current K3, i.e.

K3 = i

√
k − 2

2
X(su) . (B.12)

The spectral flowed primary vertex operators Φ
(sl)
j,m, Φ

(su)
j,m will be denoted as Φ

(sl),w
j,m , Φ

(su),w
j,m .

In the main text we obtain the SL(2)k

U(1) × SU(2)k

U(1) theory by gauging the null U(1) current

Jg = i∂H2 − i∂H1 + K3 − J3 (B.13)

in SL(2)k × SU(2)k. As in [29], [30] it will be useful to define the gauge equivalent vertex

operators

O ∼ O e±
R

Jg = O e
±(iH2−iH1+i

q

k−2
2

Xsu+
q

k+2
2

Xsl)
. (B.14)
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In particular, for O = O+
2j+1 we get

O+
2j+1 ∼ e−

R

Jg O+
2j+1 = e−iH2Φ

(sl),w=−1
j,j+1 Φ

(su),w=−1
j,j . (B.15)

Using the SL(2) representation equivalence D−
−j− k+2

2

= D+,w=−1
j , i.e.

Φ
(sl)

j+ k
2
,−j− k+2

2

= Φ
(sl),w=−1
−j−1,−j (B.16)

and the corresponding SU(2) identity

Φ
(su),w=−1
j,j = Φ

(su)
k−2
2

−j,j− k−2
2

(B.17)

we find

O+
2j+1 = e−iH2Φ

(sl)
k−2
2

−j,j− k
2

Φ
(su)
k−2
2

−j,j− k−2
2

= O−
k−2j−1 (B.18)

thus reproducing in the N = 4 topological string the N = 2 string relation that appears

in eq. (5.34) of [12]. For reference, we also list the representation identities

Φ
(sl),w=1
−j−1,j = Φ

(sl)

j+ k
2
,j+ k+2

2

, Φ
(su),w=1
j,−j = Φ

(su)
k−2
2

−j, k−2
2

−j
. (B.19)

C. Summary of the Stoyanovsky-Ribault-Teschner map

Recently the authors of [20, 22] formulated a precise map between sphere correlation func-

tions in the SL(2,C)/SU(2) WZW model and correlation functions in Liouville field theory.

The basic formula that was obtained in [20] provides a map between winding number con-

serving N -point functions in the SL(2,C)/SU(2) WZW model at level k and (2N−2)-point

functions in Liouville field theory with linear dilaton slope Q = b + b−1 and b2 = 1
k−2 . In

this paper, we are interested, as in [30], in winding number violating amplitudes. For such

amplitudes the relevant formula is [22]14

〈 N∏

i=1

Φ
(sl),wi

ji,mi,m̄i
(zi, z̄i)

〉

P

wi=r≥0

=

N∏

i=1

N ji
mi,m̄i

δ(2)

( N∑

`=1

m` +
k

2
r

)
×

N−2−r∏

a=1

∫
d2ya F̃k(zi, z̄i; ya, ȳa)

〈
Vαi

(zi, z̄i)V− 1
2b

(ya, ȳa)

〉
, (C.1)

where for ck a k-dependent constant,

F̃k(zi, z̄i; ya, ȳa) =
2π3−2N bcr

k

(N − 2 − r)!

∏

i<j≤N

(zi − zj)
βij(z̄i − z̄j)

β̄ij

∏

a<b≤N−2−r

|ya − yb|k
N∏

r=1

N−2−r∏

c=1

(zr − yc)
−mr− k

2 (z̄r − ȳc)
−m̄r− k

2 , (C.2)

14Compared to the conventions of [22] we have mours = −mthere, m̄ours = −m̄there and wours = −wthere.
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with

βij =
k

2
+ mi + mj −

k

2
wiwj − wimj − wjmi ,

β̄ij =
k

2
+ m̄i + m̄j −

k

2
w̄iw̄j − w̄im̄j − w̄jm̄i (C.3)

and

N j
m,m̄ =

Γ(−j + m)

Γ(1 + j − m̄)
, (C.4)

αi = bji + b +
1

2b
. (C.5)

Va are vertex operators in Liouville field theory with asymptotic (weak coupling) form

Va = e
√

2aφ . (C.6)

In our conventions α′ = 2 and the Liouville interaction takes the form µLe
√

2bφ. The

Liouville field theory central charge is

cL = 1 + 6Q2 . (C.7)

The scaling dimension of Va is

∆(Va) = a(QL − a) . (C.8)

It will be useful to consider the analytic continuation of the above expressions to

SU(2)k. This entails taking k → −k and setting j → −j − 1, m → −m, m̄ → −m̄.

Then we find that we can recast a correlation function of SU(2)k operators in terms of a

(Coulomb-Gas) correlation function in a linear dilaton theory with imaginary slope b̃+ b̃−1,

where b̃2 = − 1
k+2 . The analytically continued version of (C.1) reads

〈 N∏

i=1

Φ
(su),wi

ji,mi,m̄i
(zi, z̄i)

〉

P

wi=r≥0

=

N∏

i=1

Ñ ji
mi,m̄i

δ(2)

( N∑

`=1

m` +
k

2
r

)
×

N−2−r∏

a=1

∫
d2ya

˜̃Fk(zi, z̄i; ya, ȳa)

〈
Ṽαi

(zi, z̄i)Ṽ− 1
2b̃

(ya, ȳa)

〉
, (C.9)

where for c̃k a k-dependent constant,

˜̃Fk(zi, z̄i; ya, ȳa) =
2π3−2N b̃c̃r

k

(N − 2 − r)!

∏

i<j≤N

(zi − zj)
−βij (z̄i − z̄j)

−β̄ij

∏

a<b≤N−2−r

|ya − yb|−k
N∏

r=1

N−2−r∏

c=1

(zr − yc)
mr+ k

2 (z̄r − ȳc)
m̄r+ k

2 ,(C.10)

with βij and β̄ij as in (C.3) and

Ñ j
m,m̄ =

Γ(1 + j − m)

Γ(−j + m̄)
, (C.11)

α = −b̃j +
1

2b̃
. (C.12)

Ṽa are vertex operators of the form e
√

2aφ̃ in the Coulomb-Gas representation of the (1, k+2)

minimal model.
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D. The (1, k) minimal bosonic string

The (1, k) minimal bosonic string is obtained by coupling the (1, k) minimal model with

Liouville field theory in such a way that the total central charge is 26. Despite the fact

that the (1, k) minimal models are outside the range of definition of the “minimal” Virasoro

series the (1, k) minimal bosonic string is well-defined [54]. The minimal model has central

charge

c = 1 − 6
(k − 1)2

k
. (D.1)

This implies that the linear dilaton slope of Liouville theory is Q = 1√
k

+
√

k.

The (1, k) minimal string has an infinite number of physical states Tr,s, which are

labeled by two integers r, s [57, 55]. The corresponding vertex operators are

Tr,s = cWr,se
√

2( r+1

2
√

k
+ s

2

√
k)φ

, r = 1, 2, ..., k − 1 , s = 1, 2, 3, ... , (D.2)

where φ is the Liouville field theory boson and Wr,s are states of the (1, k) minimal model.

In the Coulomb-Gas representation the latter take the form

Wr,s = e
i
√

2( r−1

2
√

k
+ s

2

√
k)φ̃

. (D.3)

φ̃ is a free boson with linear dilaton slope Q̃ = 1−k√
k

. In our conventions, the vertex operator

Ṽα = ei
√

2αφ̃ has scaling dimension

∆(Ṽα) = α(Q̃ + α) . (D.4)

In the main text, the most important role will be played by the physical vertex oper-

ators Tr,1, which we denote as

Tr = Tr,1 = cc̄ V r+1

2
√

k
+

√
k

2

Ṽ r−1

2
√

k
+

√
k

2

. (D.5)

By definition Vα = e
√

2αφ.
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